Solutions Homework 9 by Alberici, Diego
HOMEWORK 9, CALCULUS AND LINEAR ALGEBRA, 2015/2016
Assigned 11/25/2015, due 12/02/2015, collected from 2pm to 2.15pm sharp!
Name and Family Name (CAPITAL LETTERS):
MATRICOLA N.:
Exercise 1
Given t ∈ R, consider the matrix A(t) =
(
t2 1
t 2
)
a) Determine the values of t for which A(t) is invertible.
b) Find the the inverse of A(t) for the above values of t.
c) Compute the matrix product A(1)A(2).
Solution:
a) The matrix A(t) is invertible if and only if detA(t) 6= 0. Now
detA(t) = 2t2 − t = t (2t− 1) ,
hence A(t) is invertible for t 6= 0, 12 .
b) For t 6= 0, 12 the inverse matrix of A(t) is
A(t)−1 =
1
detA(t)
(
2 −1
−t t2
)
=
( 2
t(2t−1)
−1
t(2t−1)
−1
2t−1
t
2t−1
)
c)
A(1)A(2) =
(
1 1
1 2
)(
4 1
2 2
)
=
(
1 · 4 + 1 · 2 1 · 1 + 1 · 2
1 · 4 + 2 · 2 1 · 1 + 2 · 2
)
=
(
6 3
8 5
)
Exercise 2
Consider the following vectors in R2: ~v =
(
1
2
)
, ~w =
(
0
−1
)
.
a) Compute the cosine of the angle between ~v and ~w.
b) Write the rotation matrix that sends the versor of ~v to the versor of ~w.
(Hint: remember that the versor vˆ of a non zero vector ~v is the vector given by vˆ = ~v|~v| )
Solutions:
a) Let θ ∈ [0, pi] be the angle between ~v and ~w. Then
cos θ =
~v • ~w
||~v|| ||~w|| =
−2√
5
.
b) Drawing ~v and ~w on the plane it is clear that the counter-clockwise rotation of angle θ sends vˆ into wˆ.
Observe that since θ ∈ [0, pi] its sine is non-negative, hence
sin θ =
√
1− ( cos θ)2 =
√
1− 4
5
=
1√
5
.
Therefore the desired rotation matrix is:
Rθ =
(
cos θ − sin θ
sin θ cos θ
)
=
(
− 2√
5
− 1√
5
1√
5
− 2√
5
)
.
You can check that Rθ · ~v||~v|| = ~w||~w|| .
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Exercise 3
Solve the following system of linear equations using the matrix method{
2x− y = 1
x+ y = −1 .
Solutions: The linear system rewrites as AX = b with
A =
(
2 −1
1 1
)
, b =
(
1
−1
)
and X =
(
x
y
)
.
The matrix A is invertible since detA = 2 + 1 = 3. Therefore, multiplying by A−1 on both sides of the
matrix equation, one gets
AX = b ⇐⇒ A−1AX = A−1b ⇐⇒ X = A−1b .
In other words the system can be solved by computing A−1b. Now:
A−1 =
1
detA
(
1 1
−1 2
)
=
1
3
(
1 1
−1 2
)
A−1b =
1
3
(
1 1
−1 2
)(
1
−1
)
=
1
3
(
0
−3
)
=
(
0
−1
)
.
Therefore the solution of the linear system is
x = 0 , y = −1 .
Exercise 4
For every pair of matrices A,B it holds
det(AB) = det(A) det(B) .
This is known as the Cauchy-Binet’s formula.
a) Verify that the Cauchy-Binet’s formula holds true for the particular choice of matrices A =
(
1 −1
0 1
)
,
B =
(
2 1
−3 −2
)
.
b) Using the Cauchy-Binet’s formula, prove that for any invertible matrix A it holds
det
(
A−1
)
=
1
det(A)
.
Solutions:
a) For the given choice of the matrices A,B it holds detA = 1, detB = −1 and
AB =
(
1 −1
0 1
)(
2 1
−3 −2
)
=
(
5 3
−3 −2
)
⇒ det(AB) = −10 + 9 = −1 .
Therefore detA detB = 1 · (−1) = −1 = det(AB) .
b) For any invertible matrix A, apply the Cauchy-Binet’s formula to the product AA−1:
det(AA−1) = det(A) det(A−1) ;
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On the other hand, by definition of inverse matrix, AA−1 = I where I denotes the identity matrix
with ones on the diagonal and zeros elsewhere (in the case of 2 by 2 matrices I =
(
1 0
0 1
)
). Therefore:
det(AA−1) = det(I) = 1 .
Using together the two identities, one finds:
det(A) det(A−1) = 1 , namely det(A−1) =
1
det(A)
.
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